We construct static, spherically symmetric black hole solutions in scalar extended ghost-free massive gravity and show the existence of hairy black holes in this class of extension. While the existence seems to be a generic feature, we focus on the simplest models of this extension and find that asymptotically flat hairy black holes can exist without fine-tuning the theory parameters, unlike the bi-gravity extension, where asymptotical flatness requires fine-tuning in the parameter space. Like the bi-gravity extension, we are unable to obtain asymptotically dS regular black holes in the simplest models considered, but it is possible to obtain asymptotically AdS black holes.
I. INTRODUCTION
The idea of giving the graviton a mass has a long history (see [1, 2] for recent reviews). Apart from theoretical curiosity, massive gravity with a Hubble scale graviton mass may be accountable for the accelerated cosmic expansion observed recently [3, 4] . The unique Poincare-invariant free spin-2 theory, Fierz-Pauli theory, has been discovered long ago and known to be free of ghost instabilities [5] . However, the Boulware-Deser ghost [6] generically arises when adding interactions to promote Fierz-Pauli theory to Lorentz-invariant nonlinear massive gravity. Recently, a two-parameter nonlinear extension to Fierz-Pauli theory has been found [7, 8] that is free of the Boulware-Deser ghost [8] [9] [10] .
Black hole solutions, particularly static, asymptotically flat black holes, are important both theoretically and phenomenologically to understand a gravitational theory. Black hole solutions in ghost-free massive gravity and bi-gravity have been investigated by various authors . Since diffeomorphism invariance is explicitly broken in massive gravity, some would-be coordinate singularities in General Relativity (GR) now become physical ones. To see this, it is convenient to restore diffeomorphism invariance by invoking some Stueckelberg scalars φ a , where a labels different scalars, and observe that there are extra diffeomorphism scalars that have to be kept finite. Since (the components of) I ab = g µν ∂ µ φ a ∂ ν φ b are clearly diffeomorphism scalars in the Stueckelberged version of massive gravity, the usual analyticity requirements for a regular solution also apply to I ab . Now, if one chooses unitariy gauge φ a = x a , I ab are nothing but the components of the inverse metric g ab . This means that for a solution to be non-singular in massive gravity all the components of g µν (and thus g µν ) have to be non-singular [16] . For a static, spherically symmetric black hole with spherical coordinates, since its event horizon is necessarily a Killing horizon of ∂ t , g tt = g µν (∂ t ) µ (∂ t ) ν has to vanish at the horizon. Thus, for such a case, the non-diagonal component dtdr of the metric should be non-zero to have a regular black hole [16, 37] . This result can be generalized to stationary black holes: since reference metric η ab does not have a non-planar Killing horizon, for g µν to be a regular black hole, the requirement is that the (virtual) bifurcation surface of g µν can not lie in the interior of the η ab spacetime patch (when, e.g., unitary gauge φ a = x a is chosen to identify the spacetime and the internal space) [37] . Some exact black hole solutions in the literature, which have a vanishing dtdr term, are singular in the sense discussed above. Nevertheless, solutions free of this kind of singularity have also been found [12, 13, 16, 28] . There exists a Birkhoff-like theorem that states that all static, spherically symmetric black holes in ghost-free massive gravity in the vaccum are GR-like solutions. That is, they are all some "coordinate transformed" forms of the Schwarzschild or Schwarzschild-de Sitter/-Anti-de Sitter geometry [33] . For a given value of the cosmological constant, they would be considered as the same solution in GR, corresponding to different choices of coordinates. But in massive gravity when one performs a coordinate transformation the reference flat metric also changes, which makes it a different solution. The reason for the absence of non-GR-like solutions is that the staticity ansatz imposes that the effective energy momentum component X r t vanish, which implies either the metric is diagonal or the metric is restricted to the case where X µ ν becomes an effective cosmological constant.
While familiar and simple, these GR-like black holes have been shown to have problems such as singularities, instabilities or strong couplings [16, 20, 25, 26, 28] . Therefore, it is desirable to look for well behaved static black hole solutions in generalizations of ghost-free massive gravity. One natural generalization to avoid the staticity condition is to promote the reference metric to a dynamical one [10, 38] . In this extension, when the two metrics are not simultaneously diagonal (i.e., non-bi-diagonal), the black hole solutions are all GRlike [33] . But in bi-gravity the two metrics can be chosen bi-diagonal without encountering the singularities from the extra diffeomorphism scalars (g µν f µν , etc.), since the two metrics can have the same event horizon in bi-gravity [37] , different from that in massive gravity. The simplest class of solutions in the bi-diagonal case is GR-like solutions where the two metrics are of the same form. However, these bi-diagonal GR solutions are plagued by the Gregory-Laflamme instability, unless the black hole horizon radius is greater that the graviton Compton length [24, 25] , which is empirically large, presumably close to the Hubble scale. Interestingly, for the bi-diagonal case, there is a new branch of hairy (non-GR-like) black hole solutions which are asymptotically Anti-de Sitter and have been obtained numerically [17] . Asymptotically flat hairy black holes have also been constructed numerically [27] , but, unless there is fine-tuning in the theory parameters (α 3 or α 4 ), the horizon radius of this solution is of order of the graviton Compton wavelength, which is phenomenologically unviable. Generically, as extra fields usually inject some gravitating energy in a black hole system, unless there is some kind of protection known as no-hair theorems (see [39, 40] for a review of no-hair theorems), it might be expected that GR solutions would become unstable in modified gravity theories and a new hairy solution would be the stable solution.
While the bi-gravity extension generalizes ghost-free massive gravity by adding two helicity-2 modes, another class of extended massive gravity models enriches ghost-free massive gravity by simply adding an extra scalar degree of freedom [41] [42] [43] [44] [45] [46] [47] . The metric of this class of models has to be non-diagonal to avoid the singularities of the I ab type, but the staticity condition now does not restrict X µ ν to a cosmological constant anymore. Therefore, one may expect that new branches of hairy black holes be obtained in scalar extended ghost-free massive gravity.
In this paper, we investigate static, spherically symmetric black hole solutions in massvarying massive gravity [42, 43] . This is a relatively simple class of scalar extended ghost-free massive gravity, but should capture some salient features of black hole solutions in this class of extensions. We will see that, unlike bi-gravity, asymptotically flat hairy solutions can be obtained without fine-tuning the theory parameters for a simple model in this class. To shed some light on the properties of these black holes, we shall also briefly investigate the dependence of the black hole mass and the scalar charge on the theory parameters. In addition, while we have not been able to find regular asymptotically de Sitter hairy black holes (like that in the bi-gravity extension), asymptotically anti-de Sitter black holes have been explicitly constructed.
II. MODEL AND SETUP
As mentioned in the Introduction, we will focus on mass-varying massive gravity [42, 43] . The model is obtained by simply promoting the graviton mass in ghost-free massive gravity to a function depending on a scalar field, and add the standard kinetic and potential term for this scalar:
where U (K) ≡ U 2 + α 3 U 3 + α 4 U 4 , and
. η ρν is the reference Minkowski metric, which explicitly breaks diffeomorphism invariance. If desired, which is not the approach we take to numerical construct solutions in this paper, one can restore diffeomorphism invariance by introducing four stuckelberg fields φ a and making the replacement: η ρν → ∂ ρ φ a ∂ ν φ b η ab . α 3 and α 4 are two free parameters of the model, and V (ϕ) and W (ϕ) are arbitrary functions. As we shall see later, to obtain the hairy black hole solutions, we only need a simple monomial form of V (ϕ) and can simply set W (ϕ) = 0. Since V (ϕ) regulates the mass of graviton, it has to be positive to avoid tachyonic instabilities. Note that M 2 P is pulled out of the entire integral, so ϕ is dimensionless and V (ϕ) is dimensionally mass squared. We find it convenient to work with the eigenvalues of matrix K µ ν , which are assumed to be k 1 , k 2 , k 3 and k 4 . Then U 2 , U 3 and U 4 can be recast as elementary symmetric polynomials of k i :
To derive the Einstein field equation, one can make use of the formula
and [ ] denotes the trace of the matrix enclosed. The equations of motion are
where W ϕ = ∂W/∂ϕ, V ϕ = ∂V /∂ϕ, T µν is the energy-momentum tensor of the scalar field
and the effective energy-momentum tensor coming from the graviton potential is
Note that we have introduced two new parameters to replace α 3 and α 4 :
which we will use in the rest of the paper. We are interested in static, spherically symmetric black holes. The most general ansatz satisfying these symmetries is
Although ds 2 and ds 
where we have defined
For g µν to have the correct Lorentzian signature we need c > 0 and f > 0. Also, for k 1 and k 2 to be real numbers, we impose a + e > 0. The eigenvectors of k 1 , k 2 , k 3 and k 4 can be written respectively as 
with n = 2/( (a − e) 2 − 4b 2 +a−e) = 0. Note that (bn) 2 = 1, otherwise the first and second eigenvector are collinear, implying a singularity for the solution. The nonzero components of G µ ν , T µ ν and X µ ν (indices being raised by g µν ) for ansatz (9)-(11) are given explicitly in Appendix 1.
We now consider different components of the equations of motion separately. First, since R 
Thus, we have two branches of solutions
• βk 3 2 + 2αk 3 + 1 = 0 .
As discussed in the introduction, the branch b = 0, where the two metrics can be diagonalized simultaneously, necessarily leads to solutions with singularities at the black hole horizon, thus we shall discard this branch. Therefore, the r t component of the Einstein equation implies βk 3 2 + 2αk 3 + 1 = 0. This condition enforces k 3 to be constant in terms of α and β (or equivalently α 3 and α 4 ):
which implies that
and X t t = X r r = k 3 (αk 3 + 2)/2. For the k 3 to real and less than 1 (cf. Eq. (14)), the α-β parameter space is constrained to be
Making use of the results above and after some algebra, we can obtain the following closed system of equations of motion:
where a prime denotes ∂/∂r, k 3 is given by Eq. (18) and U is
Eq. (21) is the 
III. HAIRY BLACK HOLE SOLUTIONS
One obvious class of solutions for model (1) are that ϕ is constant and solves W ϕ −V ϕ U = 0 at all r. In this case, Eq. (23) is already solved, and Eqs. (21) and (22) are then the same as that in ghost-free massive gravity, which in turn are the same as that in GR plus potentially a cosmological constant [17] . There are also non-GR-like or hairy solutions, which will be constructed in the following. We will focus on the simplest case where W (ϕ) = 0 and V (ϕ) is a monomial with mirror symmetry ϕ → −ϕ (a constant plus a monomial in the case of AdS asymptotics). As we shall see, this simple choice already gives rise to a rich solution space of hairy black holes.
A. Approximate solutions near the horizon
In this subsection we shall derive the approximate black hole solutions near the horizon r = r h , which will be used to setup the "initial conditions" to integrate Eqs. (21)- (23) outwards and inwards to obtain the full numerical solutions.
Since a, c and ϕ have to be analytic around r h , they can be Taylor expanded as:
where (n) denotes the n-th order derivative. For the black hole ansatz (9), the event horizon should be a Killing horizon of vector ∂ t , so we have a(
Eq. (23) can be written as
Since at the horizon a has to vanish and c = ae + b 2 has to remain finite, the denominator in Eq. (29) diverges at the horizon. For ϕ to be analytical, the numerator must go to zero as r → r h . This gives
Then Eq. (21) gives
c(r h ) and ϕ(r h ) are undetermined by the equations of motion near the horizon, and thus are potentially free parameters of the black hole solutions. One can differentiate Eqs. (21)- (23) with respect to r repeatedly to obtain the higher orders Taylor coefficients
, which are all determined once c(r h ) and ϕ(r h ) are specified. The expressions for the second and higher order coefficients are lengthy and cumbersome to be displayed here. In this paper, we shall make use of the first two orders in Eqs. (25)- (27) as the "initial" input in the numerical integration below, the numerical accuracy of which is already sufficient for our purposes.
B. Full numerical solutions
As mentioned above, we will, for simplicity, choose W (ϕ) = 0 and only consider monomials of V (ϕ) with mirror symmetry ϕ → −ϕ in the following. To present numerical solutions, we also need to choose specific values for the dimensionless model parameters α and β, which have to satisfy
to ensure the reality of k 3 . After choosing α and β, there is also a branch choice for k 3 , which will be denoted as the k 3+ and k 3− branches.
The apparent "free" parameters at the horizon are: r h , c(r h ) and ϕ(r h ). But we can always choose all the dimensionful quantities in units of r h , so r h factorizes and cancels out in all the equations of motion, which become dimensionless equations, and we are left with c(r h ) and ϕ(r h ). As we shall see shortly and in the Appendices, to get a weakly asymptotically flat solution (cf. Appendix 2), there is no need to do a shooting procedure for c(r h ) and ϕ(r h ). But, to get a Gaussian fall-off asymptotically flat solution, some shooting procedure is required, which will fix at least one of c(r h ) and ϕ(r h ).
With the "initial conditions" set up near the horizon, we can integrate Eqs. (21)- (23) both outwards and inwards from r = r h (1 ± ) respectively, where is chosen to be 10 −8 for the solutions presented in this paper. The solutions will be plotted down to r = r h /10, but we have integrated inwards down to r = r h /1000, without encountering any finite radius singularities.
From Eq. (22), we can infer that the asymptotics are determined by the value of V X t t = V k 3 (αk 3 + 2) /2 at spatial infinity (with W (ϕ) chosen to be zero), which acts as an effective cosmological constant asymptotically. Thus, black holes with flat asymptotics may be obtained if V (ϕ)| r=∞ = 0, while anti-de Sitter or de Sitter asymptotics can potentially be achieved when V k 3 (αk 3 + 2) tends to positive and negative values at infinity respectively. However, numerically, we can find solutions with flat and anti-de Sitter asymptotics, but not with de Sitter asymptotics. This is similar to the bi-gravity extension of ghost-free massive gravity where asymptotically anti-de Sitter, but not de Sitter, solutions have also been found. However, in contrast, the asymptotically flat solutions in the bi-gravity extension requires a fine-tuning of the theory parameters α and β or a fine-tuning of the graviton mass m. For the case of the mass fine-tuning, the black hole horizon radius is of order of the graviton Compton wavelength [27] . For the scalar extension to be presented below, asymptotically flat black holes exist for generic theory parameters.
We have found numerical solutions for various monomials, as well as for polynomials and/or with nonzero W (ϕ), but in the following we will focus on solutions for the simple case where v 0 and m are constants. m has mass dimension 1 and describes the graviton mass for a background configuration with ϕ ∼ O(1), so phenomenologically viable values of m may be as small as the current Hubble constant. Thus we will consider black holes r h 1/m. Numerically, it is challenging to let 1/m and r h differ by too many orders of magnitude, so we shall construct solutions where r h is only up to a couple of orders of magnitude smaller that 1/m. But we see no obstruction for these solutions to be extrapolated down to even smaller r h .
In the following, we will present black hole solutions with flat and AdS asymptotics separately.
Asymptotically flat black holes
As mentioned above, we will consider the case V (ϕ) = m 2 ϕ 4 for asymptotically flat black holes. For this case, the condition V (ϕ)| r=∞ = 0 implies that ϕ| r=∞ = 0.
A generic choice of c(r h ) and ϕ(r h ) leads to asymptotically flat black holes in the weak sense of asymptotical flatness (There are different definitions of asymptotical flatness; see Appendix 2.). Specifically, for these solutions, while the metric tends to a flat metric and the scalar field ϕ tend to zero at infinity, the leading fall-off behaviors of them do not go like 1/r (i.e., not of the standard Gaussian fall-off). Also, the scalar field decays and oscillates to zero at infinity. These solutions are presented in Appendix 2 for completeness.
To get a 1/r fall-off behavior for the metric components and the scalar field, we can apply a shooting procedure to tune c(r h ) (or ϕ(r h )) such that U (K) → 0 as r approaches spatial infinity. See Fig. 1 for the independent components of a typical solution and see Fig. 2 for the corresponding Ricci and Kretschmann scalars. Note that for these solutions ds 2 and ds 2 η do not necessarily take the standard Minkowski form, diag (−1, 1, 1, 1) , simultaneously at infinity. They are both asymptotically flat but may differ by a constant scaling of t and r. Nonetheless, being both flat asymptotically, the symmetries of the two geometries are identical at spatial infinity. If desired, one can obtain a solution where ds 2 | r→∞ ∝ ds The scalar charge C ϕ is defined at large r as
FIG. 2: |R| and R µνκλ R µνκλ for the two branches of the asymptotically flat black hole solutions detailed in Fig 1. |R| is the absolute vale of Ricci scalar R. While the dense spikes on left of the |R| plot are due to numerics, the isolated spike on the right simply indicates R changes the sign at those radii.
where ϕ(∞) = 0 for our choice of V (ϕ). To extract the black hole mass, we first scale the coordinates t and r tot andr such that the dynamic metric has the standard Minkowski form at infinity int andr. Then the black hole (ADM/Komar) mass M BL is defined at larger such that the tt component of the metric deviates from Minkowski space by
See Fig 3 for how the black hole mass and the scalar charge vary by tuning the graviton mass parameter m and other parameters.
Asymptotically anti-de Sitter black holes
As discussed above, to get asymptotically anti-de Sitter black holes, we need to choose V (ϕ) and the theory parameters such that the V k 3 (αk 3 + 2) /2 approaches a positive value at spatial infinity. This can be easily achieved by simply choosing V = v 0 + m 2 ϕ 4 , where v 0 is a positive constant. A generic choice of c(r h ) and ϕ(r h ) leads to asymptotically anti-de Sitter black holes. We can find sets of c(r h ), ϕ(r h ), α and β where both the k 3+ and k 3− branches are asymptotically anti-de Sitter solutions simultaneously, which is similar to the case in weakly asymptotically flat black holes (see Appendix 2). See Fig. 4 and 5.
IV. CONCLUSIONS
For a gravitational theory to be phenomenologically viable, there should be valid black hole solutions, which act as the endpoint of the gravitational collapse of massive stars or larger structures. Also, black hole solutions are important for a sound theoretical understanding of the gravitational theory.
In this paper, we have investigated the static, spherically symmetric black hole solutions in scalar extended massive gravity. We have focused on the simplest example of this class of models, that is, models obtained by promoting the the graviton mass to depending on an extra scalar and adding a canonical kinetic term for this scalar. Similar to the bi-gravity extension of ghost-free massive gravity, we have numerically obtained asymptotically AdS hairy back holes, but not asymptotically de Sitter one. By a hairy, or non-GR, black hole, we mean a black hole geometry that is not Schwarzschild, Schwarzschild-dS or SchwarzschildAdS. There are two branches of solutions, labeled by k 3+ and k 3− respectively, arising from solving the r t component of the Einstein equation, which is a quadratic algebraic equation. For a given set of horizon "initial conditions" and theory parameters, the two branches can co-exist for weakly asymptotically flat or asymptotically AdS black holes.
We have also obtained asymptotically flat hairy black holes for generic theory parameters. This is in contrast to the bi-gravity extension of ghost-free massive gravity where asymptotically flat hairy black holes only exist for a fine-tuned subset of theory parameters. We have obtained hairy black hole solutions for both weakly flat asymptotics and Gaussian fall-off flat asymptotics. Our focus in the main body of the paper has been on black holes with Gaussian fall-off asymptotics, since for this case one can define a Gaussian flux that can be measured at spatial infinity. We have also shown how the black hole mass and the scalar charge change with model parameters.
We have focused on the simplest model where W (ϕ) = 0 and V (ϕ) is a monomial (or monomial plus a constant), which already has a rich black hole solution space. Not presented in this paper, we have also investigated cases where W (ϕ) = 0 and/or V (ϕ) is a polynomial. For the limited such cases we have considered, it does not seem to give rise to dramatically new features. Of course, one may also promote α 3 and α 4 to depending on the scalar field, or consider models such as generalized quasi-dilation [45] , which is likely to give rise to some new features, as the r t component of the Einstein equation for these models are dramatically different from the counterpart here (Eq. (17)). We leave this for future work.
If some added fields can generate some new branches of (hairy) black holes in a gravitational theory, it might be expected that the GR-like branch (if there is) may be unstable, since the added fields with nontrivial configurations inject gravitating energy into the system. For our case, it seems to be more likely the case, as the GR-like solutions are already unstable in the limit of ghost-free massive gravity. However, we shall leave the stability analysis for future work. 
FIG. 7:
|R| and R µνκλ R µνκλ for the two branches of the weakly asymptotically flat black hole solutions detailed in Fig 6. |R| is the absolute vale of Ricci scalar R. While the dense spikes on left of the |R| plot are due to numerics, the isolated spikes on the right simply indicates R changes the sign at those radii.
As mentioned in Section III B 1, for the black hole with a generic choice of c(r h ) and ϕ(r h ), the leading fall-offs of the metric and ϕ are p < 1. But they still satisfy the weak requirement of p > 1/2, so a generic black hole for this case is asymptotically flat in the weak sense. See Fig. 6 and 7 . For a specific choice of c(r h ) and ϕ(r h ), it seems that there exists a black hole solution for almost any α and β allowed by the reality condition of k 3 (i.e., Eq. (32)) for one branch of k 3 . For the other branch, there are usually further restrictions on α and β to generate a black hole solution. See Fig. 8 for an example.
Asymptotically flat black hole: simultaneously Minkowski
For asymptotically flat black holes (in the stronger sense), the dynamical metric ds 2 may not be of the standard Minkowski form (i.e. the form of the reference metric ds 2 η ) at infinity. By tuning another parameter in the model, one can make them proportional to each other at infinity. For example, given an asymptotically flat solution, one can further tune α to achieve this. An example is given in Fig. 9 and 10 . To see ds 2 is proportional to the standard Minkowski form at spatial infinity, we plot the tt component (a) and rr component (e) of the metric against the θθ component (f ), which should be equal to 1. In addition, we also plot ae/c at large r, which should also be equal to 1 if b| r=∞ = 0. See Fig. 10 .
